Symplectic embeddings of polydisks by Hind, Richard & Lisi, Samuel
ar
X
iv
:1
30
4.
30
65
v1
  [
ma
th.
SG
]  
10
 A
pr
 20
13
SYMPLECTIC EMBEDDINGS OF POLYDISKS
R. HIND AND S. LISI
1. Introduction and notation
In this note, we obtain new obstructions to symplectic embeddings of a
product of disks (a polydisk) into a 4-dimensional ball.
Let us equip R4 with coordinates x1, y1, x2, y2 and its standard symplectic
form ω = dx1 ∧ dy1 + dx2 ∧ dy2. The polydisk P (r, s) is defined to be
P (r, s) = {π(x21 + y
2
1) ≤ r, π(x
2
2 + y
2
2) ≤ s}
with symplectic form induced from R4. The ball of capacity a (i.e. the ball
of radius
√
a
pi
) is
B(a) = {π(x21 + y
2
1 + x
2
2 + y
2
2) ≤ a}
again with the induced symplectic form.
Given r, s, the embedding problem for the polydisk P (r, s) into a ball
is to find the infimum of the set of a such that there exists a symplectic
embedding P (r, s)→ B(a).
There are two well known sequences of symplectic capacities giving ob-
structions to symplectic embeddings in 4 dimensions, namely the Ekeland-
Hofer capacities [3] (which are actually defined in all dimensions) and the
Embedded Contact Homology (ECH) capacities introduced by Hutchings
[9]. In the case when (r, s) = (1, 2) both the Ekeland-Hofer and ECH capac-
ities give the obstruction a ≥ 2. As P (1, 2) and B(2) have the same volume
this restriction also follows since symplectic embeddings preserve volume.
Our main theorem solves this embedding problem in the case when (r, s) =
(1, 2).
Theorem 1.1. There exists a symplectic embedding
P (1, 2) := D(1)×D(2) →֒ B(a)
if and only if a ≥ 3.
The sufficiency of a ≥ 3 follows since by inclusion P (1, 2) ⊂ B(3). In
general we have P (r, s) ⊂ B(r + s). Hence the theorem can be rephrased
as saying that for P (1, 2) the inclusion map gives the optimal embedding.
The necessity of a ≥ 3 implies that for this particular embedding problem
neither the Ekeland-Hofer nor ECH capacities give a sharp obstruction. We
contrast this with the case of ellipsoid embeddings into a ball when the ECH
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capacities give a complete list of obstructions, see [12]. Our obstruction does
not come from a symplectic capacity, but instead from pseudoholomorphic
foliations, thus the techniques seem to be special to dimension 4.
The embedding problem is discussed at length by Schlenk in the book
[13], and in particular the technique of symplectic folding. One consequence
of this is the following.
Theorem 1.2. ([13], Proposition 4.3.9.) If s > 2 then there exists a sym-
plectic embedding P (1, s)→ B(a) for all a > 2 + s2 .
When s > 2 we have 2 + s2 < 1 + s and so this result implies that for
P (1, s) with s > 2 the inclusion map is never optimal.
Finally we remark that when s increases even the embeddings in Theorem
1.2 are far from optimal. Indeed, Theorem 3 in [13] implies that by taking
s sufficiently large we can find embeddings P (1, s) → B(a) whose image
occupies an arbitrarily large proportion of the volume.
1.1. Organization and outline of the proof. Define CP 2(R) to be com-
plex projective space equipped with the Fubini-Study symplectic form scaled
so the area of the line is R, and denote by CP 1(∞) the line at infinity. Then
CP 2(R) is the union of the open ball of capacity R and CP 1(∞). Our
goal is to show that for any R < 3, there does not exist an embedding
P (1, 2) →֒ CP 2(R) \ CP 1(∞).
Our proof will be by contradiction. Assume such an embedding exists.
Let L be the Lagrangian torus at the “corner” of the bidisk:
L = ∂D(1) × ∂D(2) ⊂ P (1, 2) ⊂ CP 2(R) \ CP 1(∞) ⊂ CP 2(R).
Note that the (closed) ball of capacity 1, centred at (0, 0) sits in the (closed)
bidisk D(1)×D(2) and does not intersect L. Let X be the symplectic man-
ifold obtained by blowing up this ball of capacity 1: X = CP 2(R)♯CP 2(1).
Let ωR be the symplectic form on X. Denote the exceptional divisor by E.
Note that E is a symplectic sphere of area 1 and that X is the non-trivial
CP 1 bundle over CP 1.
In section 2 we describe two classes of holomorphic curves in X, namely
curves in the class of a fiber which foliate X, and sections S of high degree
d = S • CP 1(∞). Such curves exist for any tame almost-complex structure
on X.
Next we will stretch the neck along the boundary of a small tubular
neighbourhood of L as described in [1], and take limits of the closed curves
described in section 2. The stretching is described in section 3 together with
the Fredholm theory for the limiting curves.
We will also be interested in intersection properties of the limiting finite
energy curves. Therefore we briefly describe Siefring’s extended intersection
number in section 4.
With all of this in place, the limits of curves in the fiber class are consid-
ered in section 5. They form a finite energy foliation, see [8].
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Finally in section 6 we consider the limit of a high degree curves with
pointwise constraints (the degree will depend on R). We are able to make
deductions about this limit based on the structure of the finite energy fo-
liation, and we will see that for the limit to have nonnegative area it is
necessary that a ≥ 3, thus proving Theorem 1.1.
To fix notation, let (k, l) ∈ H1(L) denote the homology class k[∂D(1)] +
l[∂D(2)].
2. Closed curves in X
We study two classes of closed curves in X = CP 2(R)♯CP 2(1), the blow-
up of a ball of capacity 1 in CP 2 with its Fubini-Study form scaled such
that lines have area R. We work with tame almost-complex structures J on
X for which the exceptional divisor E and the line at infinity CP 1(∞) are
complex. Recall from section 1.1 that the blown-up ball is located inside
our polydisk and so disjoint from CP 1(∞).
The results are fairly standard and so we merely outline the proofs.
Fiber curves. The result here is the following:
Proposition 2.1. (see [4], Proposition 4.1) For a generic J , the manifold
X is foliated by J holomorphic spheres in the class [CP 1(∞)]− [E].
Outline of the proof.
Let C be a holomorphic sphere in the class [CP 1(∞)] − [E]. Then
C • C = 0. The index formula, see for example [11, Theorem 3.1.5] gives
the virtual dimension index(C) = 2. By positivity of intersection such a
curve C must intersect CP 1(∞) transversally in a single point and so be
somewhere injective. Further, by the adjunction formula [11, Section 2.6],
C is embedded. Then by automatic regularity, see [11, Lemma 3.3.3], the
corresponding moduli space has dimension 2.
Suppose we have a nodal curve representing the same homology class.
As R < 3 and area(C) = R − 1, by area considerations a nodal curve can
only have two two components, one in the class [CP 1]− 2[E] and the other
in the class [E]. Note that each of these components has index 0 and is
somewhere injective, and thus transverse. They have intersection number 2,
and for generic J , they intersect transversely and thus in 2 points. Gluing
would then give a somewhere injective index 2 curve in our class with one
geometric intersection. This is a contradiction to the adjunction formula.
Hence the moduli space of curves in this class is compact and as C •C = 0
consists of curves with disjoint image. It follows that the curves foliate X
as required. 
High degree curves. We now consider holomorphic spheres S in X of
high degree d > 1. To work with isolated curves we impose a collection of
point constraints and then have the following.
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Proposition 2.2. Given 2d constraint points and a generic J (to exclude
nodal curves), there is a unique embedded holomorphic sphere S in the class
d[CP 1(∞)]− (d− 1)[E] passing through the points.
Outline of the proof.
Let us fix 2d points in X, and let S be a holomorphic sphere in the class
d[CP 1(∞)]− (d− 1)[E]. If the sphere is smooth (i.e. not a nodal curve), it
is somewhere injective because d and d− 1 are coprime. By the adjunction
formula as above, the curve is then embedded.
As index(S) = 2d the virtual dimension of curves in our class passing
through the fixed points is 0, and as S •S = 2d−1 there can be at most one
such curve. Further, an index calculation shows that nodal representatives
of this homology class are of codimension at least 2 and so we do not expect
such a nodal curve to intersect all 2d points for generic J .
Finally we are left to check that the moduli space is nonempty. We observe
that if the moduli space is nonempty for some J then the corresponding
Gromov-Witten invariant is ±1 and so it will be nonempty for all generic
J . Hence we can choose a complex structure such that the projection X →
CP 1(∞) along the fibers of the above foliation is holomorphic, describing X
as a nontrivial holomorphic CP 1 bundle over CP 1. Our curves are sections
of the above bundle with d ‘zeros’ (intersections with CP 1(∞)) and d − 1
‘poles’ (intersections with E) and exist because the bundle has degree 1. 
3. Fredholm theory
In this section, we describe our neck stretching procedure and determine
the Fredholm index of the types of curve that can appear in the holomorphic
buildings we obtain by stretching the neck.
3.1. Stretching the neck. To perform a neck stretch we must choose a
tubular neighborhood U of L in X. Recall that L = ∂D(1) × ∂D(2) ⊂
P (1, 2)♯CP 2(1) ⊂ X. By Weinstein’s theorem a tubular neighborhood can
be identified with a neighborhood of the zero-section in T ∗L. We fix a flat
metric on L and let our neighborhood be a unit cotangent disk bundle with
boundary Σ = T 3. The Louville form on T ∗L restricts to a contact form
λ on Σ and the associated Reeb vector field v generates the geodesic flow.
We can identify a neighborhood of Σ in X with the symplectic manifold
(Σ× (−ǫ, ǫ), d(etλ)), where λ is pulled back from Σ to Σ× (−ǫ, ǫ) using the
natural projection.
Now choose a sequence of almost-complex structures JN on CP 2(R). We
arrange that these all coincide outside of a neighborhood of Σ and also that
both E and CP 1(∞) are JN–holomorphic. Further, on the neighborhood
Σ× (−ǫ, ǫ) we assume that all JN preserve the planes ξ = {λ = 0} and co-
incide on these planes. However we require JN (v) = 1
N
∂
∂t
. Then (CP 2, JN )
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admits a biholomorphic embedding of Σ× (−N,N) equipped with a trans-
lation invariant complex structure mapping the Reeb vectors to the unit
vectors in (−N,N).
A sequence of JN holomorphic spheres of fixed degree has a limit in
the sense of [1]. This is a holomorphic building whose components are finite
energy curves mapping into three almost-complex manifolds with cylindrical
ends, namely
(1) X \ U ∪ Σ× (−∞, 0];
(2) Σ× R;
(3) U ∪Σ× [0,∞).
The almost-complex structures here coincide with the JN away from the
ends, and are translation invariant on the cylindrical ends. We note that
given a compact setK in any of these three cylindrical manifolds there exists
a biholomorphic embeddingK → (X,JN ) for allN sufficiently large. For the
theory of finite energy curves see [5–7]. We will often use diffeomorphisms
to identify the first and third cylindrical manifolds with X \ L and T ∗L
respectively.
The finite energy curves constituting our holomorphic building have a
level structure. If the building has level k then we say that the curves
mapping to T ∗L have level 0, the curves mapping to X \ L have level k
and the curves mapping to Σ × R have a level l with 0 < l < k. Finite
energy curves of level 0 have only positive ends, curves of level k have only
negative ends, and the punctures of curves mapping to Σ×R are positive if
the t coordinate approaches +∞ as we approach the puncture and negative
if the t coordinate approaches −∞. For a union of the finite energy curves
to form a building we require that the punctures be matched in pairs such
that each positive end of a curve of level l is matched with a negative end
of a curve of level l + 1 asymptotic to the same geodesic. By identifying
the underlying Riemann surfaces (that is, the domains of the finite energy
curves) at matching punctures we can think of the domain of a holomorphic
building as a nodal Riemann surface.
3.2. Compactification and area. The finite energy curves in all three
manifolds have punctures asymptotic to Reeb orbits on Σ = T 3. Under our
identification of the first manifold with X \ L these curves can be extended
to maps from the oriented blow-up of the Riemann surface at its punctures,
mapping the boundary circles to the asymptotic closed Reeb orbit on L, see
Proposition 5.10 of [1]. Away from their singularities the finite energy curves
are now symplectic immersions, that is, the pull back of the symplectic form
on X is nondegenerate. The integral of this symplectic form is defined
to be the area of the finite energy curve. As L is Lagrangian, it follows
from the compactness theorem of [1] that for a converging sequence of JN
holomorphic spheres in a fixed homology class A ∈ H2(X,Z), the sum of the
areas of the components of the limiting building in X \L is equal to ωR(A).
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3.3. Fredholm indices. By our construction, the Reeb dynamics on Σ =
T 3 gives the geodesic flow on L = T 2 for the flat metric. The Reeb orbits
on Σ = T 3 are then in bijective correspondence with the geodesics on T 2.
There is an S1 family of closed geodesics in each homology class (k, l) for
(k, l) ∈ Z2 \ {(0, 0)}. Here we recall from section 1.1 that L lies in the
boundary of a polydisk P (1, 2) and (k, l) ∈ H1(L) denotes the homology
class k[∂D(1)] + l[∂D(2)]
We make the convention that a curve in X \ L is of degree d if its in-
tersection number with CP 1(∞) is d. Denote its intersection number with
E by e. Observe that since these are intersections with classes that have
holomorphic representatives, d ≥ 0 and e ≥ 0, unless the holomorphic curve
is a cover of E (in which case, e < 0 and d = 0).
If the holomorphic curve in question is somewhere injective, then for a
generic almost complex structure, the moduli space of nearby finite energy
curves will have dimension given by its Fredholm index, and in the remainder
of this section we list these indices.
We start with curves in X \ L.
Proposition 3.1. Let C be a curve in X \L of degree d, with e intersections
with E, and with s negative ends asymptotic to geodesics in the classes (ki, li)
respectively for 1 ≤ i ≤ s.
The index of C (as an unparametrized curve, allowing the asymptotic ends
to move in the corresponding S1 family of Reeb orbits) is given by
index(C) = s− 2 + 6d− 2e+ 2
s∑
i=1
(ki + li).

For curves in R× Σ, we have
Proposition 3.2. The index of a finite energy curve C in R × Σ of genus
0 with s+ positive punctures and s− negative punctures is given by
index(C) = 2s+ + s− − 2.
Finally, for curves in T ∗L we obtain,
Proposition 3.3. The index of a genus 0, finite energy curve C in T ∗T 2,
with s (positive) punctures, is
index(C) = 2s− 2.
Note that we may consider a (sub)building consisting of a level in T ∗L
and possibly multiple levels in R × T 3 with the requirement of matching
ends. If we now interpret s to be the number of positive punctures of the
uppermost level of the building, the index formula of Proposition 3.3 also
applies, giving the deformation index of the space of buildings.
Each of these index calculations follows immediately as an application of
the appropriate version of Riemann-Roch and by the computation of the
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Conley-Zehnder indices of the Reeb orbits in T 3, where the computation is
done with respect to the trivialization induced by T ∗T 2 for Propositions 3.2
and 3.3, and with respect to the trivialization from the bidisk D2 ×D2 for
Proposition 3.1 (see Appendix A).
4. Intersections of finite energy curves
Siefring’s intersection theory for punctured pseudoholomorphic curves,
extended by Siefring and Wendl to the Morse-Bott case [16; 17; 18, Section
4.1] is very useful to our study and we briefly outline this here.
We require the existence of the following generalization of the intersec-
tion number, valid for curves with cylindrical ends. We say that a curve
has cylindrical ends if it can be parametrized by a punctured Riemann sur-
face and is pseudoholomorphic of finite energy in a neighbourhood of the
punctures.
Theorem 4.1 ([16, Theorem 2.1; 18, Section 4.1]). Let (W,ω, J) be an
almost complex manifold with cylindrical ends that are symplectizations of
contact manifolds, with almost complex structure adapted to Morse-Bott con-
tact forms.
Then, for two curves with cylindrical ends, u, v in W , there exists an
extended intersection number u ⋆ v with the following properties:
(1) If u and v asymptote to disjoint sets of orbits, u⋆v is the intersection
number u • v.
(2) The extended intersection number u⋆v is invariant under homotopies
of u and v through curves with cylindrical ends.
(3) If u and v are geometrically distinct (i.e. their images do not coincide
on any open set), u ⋆ v ≥ 0.
Furthermore, if a sequence of curves representing classes C and C ′ in a
compact manifold X converge to holomorphic buildings with levels u1, . . . , uN
and levels u′1, . . . , u
′
N , the following inequality holds: C • C
′ ≥
∑
ui ⋆ u
′
i.
In our setting, the existence of this intersection number can be obtained
by hand. Specifically, in X \ L, the intersection number u ⋆ v of two curves
u and v is obtained by pushing u off of itself with a small perturbation that
is tangent to the Morse-Bott family of orbits at each puncture to obtain a
curve u′. Then take u ⋆ v = u′ • v.
A key fact necessary for the existence of this extended intersection num-
ber, but also for its computation, is the asymptotic convergence formula for
pseudoholomorphic curves. We will use this later, so we recall it here for
the benefit of the reader. The statement we provide here is an immediate
corollary of the more general results of Hofer, Wysocki and Zehnder and of
Siefring.
First, we recall the definition of an asymptotic operator associated to a
closed Reeb orbit. Let (M, kerα) be a contact manifold with preferred con-
tact form α, and let R be the associated Reeb vector field. Let J be an almost
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complex structure on ξ = kerα compatible with dα|ξ . Let γ : R/TZ → M
be a closed Reeb orbit of period T (not necessarily the minimal period).
Choose a torsion-free connection ∇. Then, the asymptotic operator at the
orbit γ is the unbounded self-adjoint operator:
Aγ,J : L
2(γ∗ξ)→ L2(γ∗ξ)
η 7→ −J(∇∂tη − T∇ηR).
Note that this differential operator does not depend on the choice of con-
nection, but does depend on choice of almost complex structure.
We state the asymptotic convergence theorem for the case of a negative
puncture, since this is the case we need. A positive puncture behaves anal-
ogously, with the signs modified appropriately.
Theorem 4.2 ([6, Theorem 1.3; 15, Theorem 2.2 and Theorem 2.3] ). Let
(W,ω, J) be an almost complex manifold with cylindrical ends that are sym-
plectizations of contact manifolds, with almost complex structure adapted to
Morse-Bott contact forms.
Let u1 and u2 be finite energy punctured pseudoholomorphic half-cylinders
u1, u2 : (−∞, 0]×S
1 → X, asymptotic to the same (possibly multiply covered)
orbit γ of period T > 0.
Then, for R << 0, there exist proper embeddings ψ1, ψ2 : (−∞, R]×S
1 →
(−∞, 0] × S1, asymptotic to the identity, maps Ui : (−∞, R] × S
1 → (γ)∗ξ
with Ui(s, t) ∈ ξ(γ(T t)) so that
ui(ψi(s, t)) = (−Ts, expγ(Tt) Ui(s, t)).
Furthermore, either U1 − U2 vanishes identically, or there exists a posi-
tive eigenvalue λ > 0 of the asymptotic operator Aγ,J and a corresponding
eigenvector so that
U1(s, t)− U2(s, t) = e
λs(e(t) + r(s, t)),
where r and all its derivatives decay exponentially fast.
In particular, we will apply this theorem in the case where the two nega-
tive ends come from curves asymptotic to different covers of the same simple
orbit. In that case, we can reparametrize the ends by factoring through a
covering map so that both converge to the same (higher multiplicity) orbit.
5. A finite energy foliation
Recalling Proposition 2.1, we may assume that for each N < ∞ there
exists a foliation of X by JN holomorphic spheres in the class of a fiber
F = [CP 1(∞)]− [E] of the bundle X → E.
We will follow the method of [8] to construct a foliation of X \L by finite
energy curves. To this end, we fix a countable dense set of points {pi} ∈ X.
For each N there exists a unique curve CNi in the fiber class intersecting
pi. Taking a diagonal subsequence of N → ∞ we may assume that all
CNi converge as N → ∞ to holomorphic buildings having a component Ci
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passing through pi. Positivity of intersection implies that these curves are
either disjoint or have identical image. By taking further limits of the Ci
we obtain a finite energy foliation F of X \ L, see [8]. We describe this
foliation in section 5.1. The limits of the CNi also have components in T
∗L
and R× Σ. These curves are described in section 5.2.
5.1. Limit curves in X \ L.
Proposition 5.1. The leaves of F in X \L consist of three kinds of curves:
(1) Embedded closed spheres in the fiber class.
(2) Planes C0 of degree 0 asymptotic to (1, 0) geodesics.
(3) Planes C1 of degree d = 1 with e = C1 • E = 1 and asymptotic to
(−1, 0) geodesics.
These leaves foliate X \ L.
Proof. We pick a point p ∈ X \ L and look at a limit of JN -holomorphic
spheres CN through p. The component of the limit through p is the leaf of
F through p. If CN converges to a closed curve then it is of the first type.
Nodal curves in X \ L are excluded as in section 2.
Now suppose that the limit is a (non-trivial) holomorphic building, B.
Observe that the symplectic area of each of the CN is R − 1, and thus by
our assumption that R < 3 the sum of the areas of the components in X \L
is R− 1 < 2 (as symplectic area is preserved in the limit, see the discussion
in section 3.2). Also recall that for any curve C in X \ L, of degree d
and intersection number e with the exceptional divisor, and negative ends
asymptotic to geodesics in classes (ki, li), we can compactify to a symplectic
surface with boundary on the relevant geodesics (see again section 3.2) and
then the area is given by
(1) area (C) = Rd− e+
∑
(ki + 2li).
By positivity of intersection exactly curve of B in X \ L has degree 1.
By formula (1) the degree 0 components have positive integral area, and so
as the total area is R − 1 < 2 there can be at most one of these. Thus,
for the building B to be non-trivial (i.e. not a closed curve) there must be
exactly two components in X \ L, one of area 1 and the other of degree 1
and area R−2. Also by our area bounds we see that neither component can
contain a closed curve. As B is a limit of curves of genus 0, after identifying
matching ends the building itself must have genus 0. Thus, as there are
no finite energy planes in T ∗L (as there are no contractible geodesics) we
conclude that that two components must both be planes, that is, have a
single negative end.
We denote these two planes by C0 and C1, where C0 is of degree 0 and
asymptotic to a (k, l) geodesic and C1 is of degree 1. As C0 and C1 are
components of a holomorphic building whose other components lie in T ∗L
we necessarily have that C1 is asymptotic to a (−k,−l) geodesic.
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Note that by the area condition, C0 must be somewhere injective and that
C1 must be somewhere injective since it is of degree 1.
By positivity of intersection exactly one of C0 or C1 can intersect the
exceptional divisor E and so we reduce to two cases.
Case 1: C0 • E = 0; C1 • E = 1.
Since the curves are somewhere injective, their Fredholm indices must be
non-negative. Therefore
index(C0) = −1 + 2(k + l) ≥ 0
area(C0) = k + 2l = 1.
index(C1) = 3− 2(k + l) ≥ 0
area(C1) = R− 1− (k + 2l) = R− 2.
Solving these inequalities gives k = 1, l = 0 and we get curves of types (2)
and (3).
Case 2: C0 • E = 1; C1 • E = 0.
Now we compute
index(C0) = −3 + 2(k + l) ≥ 0
area(C0) = k + 2l − 1 = 1.
index(C1) = 5− 2(k + l) ≥ 0
area(C1) = R− (k + 2l) = R− 2.
Solving these we get k = 2, l = 0. Note that C0 is somewhere injective.
If C0 failed to be embedded, it would either have an isolated non-immersed
point or an isolated self-intersection, the existence of either of which would
imply the existence of a non-immersed point or of a self-intersection of the
embedded curves CN for N sufficiently large. Thus, C0 is an embedded
curve asymptotic to a (2, 0) geodesic.
We now claim no such plane exists. Applying automatic transversality
[18] to the problem of finding nearby planes with the same asymptotic lim-
its, we see that C0 comes in a local 1-parameter family, with precisely one
member asymptotic to each geodesic in the S1 family. But blowing down the
exceptional divisor would give us a 1-parameter family of planes in C2\L as-
ymptotic to (2, 0) geodesics and all intersecting at a point. But such planes
have intersection number 0, indeed, such planes are homologous relative to
their boundaries to double covers of disks D(1)×{p} in the boundary of the
polydisk. Hence we have a contradiction to positivity of intersection.
Excluding Case 2 completes the proof of Proposition 5.1. 
The following lemma gives further structure of F .
Lemma 5.2. The foliation F contains a unique leaf of degree 1 asymptotic
to each (−1, 0) geodesic and a unique leaf of degree 0 asymptotic to each
(1, 0) geodesic.
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Proof. Note that the curves C0 and C1 both satisfy automatic transversal-
ity [18, Theorem 1]. Their respective moduli spaces are compact since no
further breaking can occur for energy reasons, and thus these moduli spaces
consist of a collection of circles. The kernel of their linearized operators is
1 dimensional, and must project non-trivially in the direction tangent to
the space of Morse-Bott orbits, so the asymptotic evaluation map must be
surjective.
It remains to show that no two leaves are asymptotic to the same orbit in
class (1, 0) (respectively (−1, 0)). We consider the case of the (1, 0) geodesic
— the same argument applies for the (−1, 0) geodesic.
Suppose that both u and v are distinct degree 0 planes asymptotic to
the same orbit in the class (1, 0). These curves do not intersect as they are
leaves in the foliation. By the asymptotic convergence formula in Theorem
4.2, the two curves can each be represented near their ends as a graph over
the asymptotic limit. The difference between them is then of the form
U(s, t)− V (s, t) = eλs(e(t) + r(s, t)),
where λ is a positive eigenvalue of the asymptotic operator associated to
the closed Reeb orbit. As computed in Appendix A, the eigenvectors cor-
responding to positive eigenvalues have winding number at least one with
respect to the framing given by the S1 family of orbits. Pushing u off in the
constant direction then introduces an additional intersection point, making
u ⋆ v = 1. The homotopy invariance, however, gives u ⋆ v = 0. Thus, no two
planes in the family can asymptote to the same orbit.

5.2. Limiting curves in T ∗L and R× Σ.
Proposition 5.3. Limits of the CNi in T
∗L and R × Σ are all cylinders
which either have positive ends asymptotic to Reeb orbits of type (1, 0) and
(−1, 0), or lie in R×Σ and are trivial cylinders over an orbit of type (1, 0)
or (−1, 0).
Proof. As our limiting building has genus 0 and, by Proposition 5.1 (in the
case when the limit is not a closed curve), contains exactly two curves in
X\L asymptotic to orbits of type (1, 0) and (−1, 0), the limiting components
in T ∗L and R × Σ must fit together along their matching ends to form a
cylinder with ends asymptotic to (1, 0) and (−1, 0) orbits.
As there are no contractible orbits, this implies that all curves in T ∗L
and R×Σ are cylinders and every asymptotic limit is of the type described.
The only possibilities are then as described in the proposition. 
Note that the nature of the curves in R × Σ and T ∗L does not require
genericity of the almost complex structure J . Therefore we can choose a J
as in [10] so as to conclude the following.
Corollary 5.4. ([10], section 10.)
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The almost complex structure on T ∗L may be chosen so that the limiting
cylinders in T ∗L and R×Σ have both ends asymptotic to a lift of the same
geodesic in T 2 = L.
Remark 5.5. The construction of this foliation depended quite heavily on
our assumption that the embedding of P (1, 2) is in CP 2(R) for R < 3. If
we considered R > 3, many other buildings could arise in the foliation. In
particular, we would expect to see an S1 family of buildings with levels in
X \L consisting of a degree 1 plane asymptotic to a (−1,−1) geodesic and a
degree 0 plane intersecting E, asymptotic to a (1, 1) geodesic. The key idea
of our argument is that the non-existence of these curves is what provides
the contradiction later.
6. Degree d curves with point constraints
In this section, to complete a proof by contradiction of Theorem 1.1, we
will consider the SFT limits of curves of degree d as we stretch the neck
under the assumption that R < 3.
By Proposition 2.2, to any set of 2d points in sufficiently general position
{qi} ∈ X there exists a unique embedded J
N -holomorphic curve SN of
degree d and with e = SN • E = d − 1 intersecting each of the 2d points
{qi}. We also observe that S
N • F = 1. Let us fix the 2d points in a
the small Weinstein neighbourhood U of L. As the cylinders described by
Proposition 5.3 have deformation index at most 2, we may assume that each
such cylinder intersects at most one of the points.
We now take the limit as N →∞. As described in section 3 the limiting
holomorphic building will have components in X \ L, in R×Σ and in T ∗L.
Denote the building by F and let F0 denote the components of the building
in X \ L.
We will study F0 using the foliation F described by Proposition 5.1. A
generic curve in the foliation is a closed curve in the fiber class, but such
curves can converge to broken configurations, that is, the union of a curve
of type (2) and (3) from Proposition 5.1 asymptotic to the same geodesic
with opposite orientations, see Corollary 5.4.
Lemma 6.1. All components of F0 except for one are (possibly branched)
covers of curves in the foliation F . Denote by f0 ⊂ F0 ⊂ F the component
that is not a cover.
For each closed curve C in F , the intersection number f0 • C = 1. For
the broken configurations in F , we have f0 ⋆ C0 + f0 ⋆ C1 = 1.
Furthermore, the component f0 is of some degree d
′ with 1 ≤ d′ ≤ d and
has intersection number with E given by e′ = f0 •E = d
′ − 1.
Proof. Fix a component f of the building. For a closed curve C of F the
intersection number C • f is well defined. We now consider the intersection
number C ′ •f as we vary C ′ through the moduli space of curves in F . These
intersection numbers C ′•f are locally constant among all deformations of C ′
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within the foliation, including through broken configurations, as long as the
breaking occurs at orbits geometrically distinct from the asymptotic orbits
of fi. Broken configurations have codimension 1 and broken configurations
along an asymptotic limit of f have codimension 2 in the 2-dimensional space
of leaves of F . Hence, for any closed curve C ∈ F , C · f does not depend
on the choice of curve C, and for a broken configuration with asymptotics
disjoint from those of f and close to a closed curve C we have
(2) f • C0 + f • C1 = f • C.
Let now C0∪C1 be a broken configuration with asymptotic ends coinciding
with the ends of a component f . We then have f •C0+f •C1 ≤ f •C, where
C is a nearby closed curve in F . However, for the Siefring-Wendl extended
intersection number (Theorem 4.1), we have
(3) f ⋆ C0 + f ⋆ C1 = f ⋆ C = f • C.
In order to keep the exposition self-contained, we now briefly explain why
this identity holds for the extended intersection number. Recall from the
discussion following Theorem 4.1, that in our case with orbits in T3, the
extended intersection number is obtained by perturbing C0 and C1 off of
their asymptotic limits in the direction of the S1 family of closed Reeb orbits.
Now, the planes C0 and C1 satisfy the automatic transversality criterion of
[18]. It follows that in their moduli spaces the asymptotic limits move in
the S1 Morse-Bott family of Reeb orbits in class (1, 0) or (−1, 0), and thus
the push-off of C0 and of C1 can be realized by holomorphic planes C
′
0 and
C ′1, with asymptotic limits disjoint from those of f . Thus the result follows
from the case of broken configurations with asymptotics disjoint from f .
Given these preliminaries, we proceed to prove Lemma 6.1. Denote the
components of the building F0 by f0, f1, . . . , fK .
As F is a limit of curves SN having intersection number 1 with fibre
curves, if C is a closed curve in F we have the intersection number
C • f0 + C • f1 + · · ·+ C • fK = 1.
By positivity of intersection each of the terms on the left here is a non-
negative integer, and so we conclude that exactly one component, which we
call f0, has C • f0 = 1 and all other components have C • fi = 0.
By the analysis above, for i ≥ 1 we have C • fi = 0 for all curves C in F ,
including broken configurations. As F is a foliation, fi cannot be disjoint
from all curves and so we conclude by positivity of intersection that it must
cover one of them. The intersection numbers for f0 also follow from the
above analysis.
Finally, by Proposition 5.1 we note that each curve in F has the same
intersection number with E as its degree. This then holds for any cover of
a curve in F , so for each i = 1, . . . ,K, fi • CP
1(∞) = fi • E. The high
degree curves SN have SN •CP
1(∞) = SN •E+1, and thus as intersection
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numbers are preserved in the limit we must have:
f0 •CP
1(∞) = f0 • E + 1
d = f0 • CP
1(∞) + f1 • CP
1(∞) + · · ·+ fK •CP
1(∞).
The result now follows from the non-negativity of each of these intersections.

As in Lemma 6.1, f1, f2, . . . , fK denote the components of F0 which cover
leaves of F . Then their asymptotic limits must be closed Reeb orbits cor-
responding to geodesics in class (a, 0) for 0 6= a ∈ Z. As our building has
genus 0 and there are no null-homologous Reeb orbits, the homology classes
of the asymptotic limits of f0 must match with the asymptotic limits of the
other fi up to orientation and so must all be in classes (a, 0) also.
Lemma 6.2. Either all punctures of f0 are asymptotic to geodesics in
classes (k, 0) for k > 0, or all punctures are asymptotic to geodesics in
classes (k, 0) for k < 0.
Proof. Suppose that f0 has a puncture asymptotic to a closed Reeb orbit in
class (k, 0), k > 0. Denote this orbit by γk. Then by Lemma 5.2 there exists
a plane in the family C0 asymptotic to the underlying simple cover γ of the
same orbit. We will now estimate f0 ⋆ C0 using this specific plane. Note
that f0 is somewhere injective since its intersection numbers with CP
1(∞)
and with E are coprime, see Lemma 6.1. The plane C0 is also somewhere
injective, and the two curves have geometrically distinct images. Therefore,
f0 •C0 is well-defined and non-negative. By the asymptotic convergence for-
mula for holomorphic curves in Theorem 4.2, the two curves do not have any
intersection near the puncture. Furthermore, near their asymptotic limits,
the curves f0 and the k-fold cover of the restriction of C0 to a neighbour-
hood of γ can be written as graphs over γk. In other words, there exist
maps Ui : (−∞, R] × S
1 → (γ)∗ξ, i = 1, 2 with Ui(s, t) ∈ ξ(γ
k(T t)) so that
the images of f0 and of C0 restricted to a sufficiently small neighbourhood
of their punctures, are described respectively by
(−Ts, expγk(Tt) Ui(s, t)), i = 1, 2.
Since the curves are geometrically distinct, U1 −U2 does not vanish, and so
there exists a positive eigenvalue λ > 0 of the asymptotic operator Aγk ,J
and a corresponding eigenvector so that
U1(s, t)− U2(s, t) = e
λs(e(t) + r(s, t)),
where r decays exponentially fast. As computed in Appendix A, the eigen-
vectors corresponding to positive eigenvalues have winding number at least
one with respect to the framing given by the S1 family of orbits. Pushing
C0 off in the constant direction then introduces at least 1 additional inter-
section point, giving f0⋆C0 ≥ 1. By Lemma 6.1 this implies that f0⋆C0 = 1
and f0 ⋆ C1 = 0.
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By applying the same argument, if f0 has a puncture asymptotic to a
closed Reeb orbit in class (−k, 0), k > 0, it follows that f0 ⋆ C1 = 1 and
f0 ⋆ C0 = 0.
Finally, by the homotopy invariance of the extended intersection number,
either all punctures of f0 asymptote to Reeb orbits in classes (k, 0) for k ≥
1, or they all asymptote to Reeb orbits in classes (−k, 0) for k ≥ 1 as
required. 
For components in T ∗L and Σ× R we have the following.
Lemma 6.3. The components of F in T ∗L and Σ × R are all multiple
covers of cylinders asymptotic to orbits of type (1, 0) or (−1, 0) as described
in Proposition 5.3.
Proof. We argue by contradiction and suppose that a component F1 of F
does not cover such a cylinder. Then as the cylinders foliate T ∗L and Σ×R
we can find a cylinder C which intersects G nontrivially. Further, we may
assume that the asymptotic limits of C are disjoint from the asymptotic
limits of the f0 from Lemma 6.1. Now fix a point on C and take a limit of
the JN holomorphic spheres QN in the fiber class passing through p. Denote
the limiting building by G. By Proposition 5.3 one component of the limit
in T ∗L or Σ × R coincides with C, and other components form a broken
configuration in X \ L with asymptotic limits distinct from f0. By Lemma
6.1 the curve f0 has intersection number 1 with this broken configuration.
The building F now has two isolated intersections with G, one on F1
and the other on f0. By positivity of intersection there are then at least
two isolated intersections between SN and QN for large N , and this is a
contradiction as SN has intersection number 1 with fiber curves. 
Completion of the proof of Theorem 1.1.
By Lemma 6.3 the components of F in T ∗L and Σ × R consist only of
covers of cylinders and by the choice of our point constraints {qi} at the
start of this section there exist at least 2d such cylinders. Suppose that such
a cylinder has ends which are not asymptotic to any end of f0. Then they
are asymptotic to the ends of fi for i ≥ 1, that is, asymptotic to curves of
F . In particular, as one end of the cylinder is asymptotic to a geodesic in
the class (−1, 0), this end must match with a component of F which is a
cover of a curve of type C1 from Proposition 5.1. Suppose there are m such
cylinders not asymptotic to f0. Then f0 must have at least 2d−m negative
ends and degree d′ ≤ d −m (since the curves of type C1 asymptotic to the
m cylinders have total degree at least m).
Now, if the asymptotic limits of f0 are all of the form (k, 0) for k ≥ 1,
then since the building F has genus 0 there must be at least 2d−m planes
in F that are covers of degree 1 planes in F and asymptotic to limits of f0
with the opposite orientation. Combined with the m curves asymptotic to
other orbits we find 2d covers of curves of type C1 in F . The degree of the
building F is only d, however, so this is a contradiction. Hence, by Lemma
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6.2 all negative ends of f0 must be in classes (−k, 0), and we must have
f0 ⋆ C0 = 0 and f0 ⋆ C1 = 1.
Let s ≥ 2d − m be the total number of negative ends of f0. Let 1 ≤
d′ ≤ d−m be the intersection number of f0 with the line at infinity (i.e. its
degree). Recall that the intersection of f0 with the exceptional divisor is
f0 •E = d
′ − 1. The area of f0 then satisfies
0 < Area(f0) ≤ d
′R− (d′ − 1)− s
= d′(R − 2) + 1 + d′ − s
≤ d(R− 2) + 1 + (d−m)− (2d−m)
where the inequality uses d′ ≤ d−m ≤ d and s ≥ 2d−m. Rearranging, we
get
R− 2 ≥ 1−
1
d
.
Letting d→∞, this inequality gives a contradiction for any R < 3 and our
proof is complete.
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Appendix A. Morse-Bott Riemann-Roch
First, we state the index formula for a real-linear Cauchy-Riemann-type
operator acting on sections of a complex line bundle over a punctured Rie-
mann surface (Σ˙, j) (where Σ˙ = Σ \ Γ, a finite collection of punctures). We
define W 1,p,δ(Σ˙, E) to be the weighted space of sections with exponential
decay (for δ > 0) at the punctures. (See the discussion preceding Theorem
4.2 for a review of the definition of an asymptotic operator.)
Then, we reformulate the index theorem from [14]:
Theorem A.1. A real Cauchy–Riemann-type operator T : W 1,p,δ(Σ˙, E) →
Lp,δ(Σ˙,Ω0,1(E)) is Fredholm if and only if all of its δ–perturbed asymptotic
operators are non-degenerate.
For any choice of cylindrical asymptotic trivialization Φ, the index is given
by:
index = nχ(Σ˙) +
∑
z∈Γ+
CZΦ(Az + δz)−
∑
z∈Γ
−
CZΦ(Az − δz) + 2c
Φ
1 (E),
where n denotes the (complex) rank of E, χ(Σ˙) is the Euler characteristic of
the punctured surface, CZ(A) is the Conley-Zehnder index of the asymptotic
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operator A, and cΦ1 (E) is the first Chern class of the bundle E relative to the
asymptotic trivialization data Φ, paired with the fundamental class of [Σ].
In particular then, for a punctured holomorphic curve u in an almost
complex symplectic manifold (V, J) with symplectization ends, considered
modulo domain reparametrizations, the index is given by
index(u) = −χ(Σ˙) +
∑
z∈Γ+
CZΦ(Az + δz)−
∑
z∈Γ
−
CZΦ(Az − δz) + 2c
Φ
1 (u
∗TV )
where, now, the Φ are given by trivializations of the contact structure over
the asymptotic limits of u and cΦ1 (u
∗TV ) is, as before, the first Chern class
of the bundle relative to the asymptotic trivialization given by Φ, paired with
the fundamental class of [Σ].
Recall that for a 2-dimensional contact structure, there is an alternative
description of the Conley-Zehnder index in terms of winding numbers of
eigenvectors of the corresponding asymptotic operators [5].
In T 3, the contact structure is globally trivial. Given explicitly, writ-
ing T 3 = (R/2πZ)3 with circle valued coordinates θ, q1, q2, we have α =
cos(θ)dq1+sin(θ)dq2 and a trivialization of ξ by sin(θ)∂q1−cos(θ)∂q2 and ∂θ.
With respect to this trivialization, the asymptotic operator at a T -periodic
orbit is
−J0
d
dt
− T
(
0 0
0 1
)
We note that the spectrum includes 0 and −T . Each of these eigenvalues
has multiplicity 1 and has eigenvectors of winding 0 with respect to our
trivialization. The perturbed operator corresponding to a negative puncture
allowed to move in the Morse-Bott family is the one coming from allowing
asymptotic exponential growth. This then gives an even orbit and thus
Conley-Zehnder index 0. Similarly, for a positive puncture allowed to move
in the Morse-Bott family, the Conley-Zehnder index is then 1.
For a curve contained in T ∗T 2 or in R×Σ, the Chern number of u∗T with
respect to this trivialization is 0, since our chosen trivialization extends.
We now need to compute c1(u
∗TX) for a punctured sphere in X \ L, of
degree d and of intersection e with the exceptional divisor, and asymptotic
ends on orbits in classes (ki, li). Observe that this is additive with respect to
connect sums, so we only need to compute this for a curve with d = e = 0,
since the first Chern number of TX|CP 1(∞) is 3 and the first Chern number
of E is 1 (and a closed curve of degree d and intersection e with E represents
the class d[CP 1]− e[E]). Any such curve can now be deformed and decom-
posed to a collection of s disks of degree 0 and e = 0, each with boundary
on a geodesic of class (ki, li), i = 1, . . . , s, and thus these may be taken to
be model disks contained in C2 with boundary on L. Finally, this trivial-
ization of ξ induces a trivialization of TT ∗T 2|Σ, and thus of Λ
2
C
TT ∗T 2|Σ. A
straightforward computation shows gives that this trivialization has winding
number ki+ li with respect to the obvious trivialization of Λ
2TC2, and thus
the relative Chern number is ki + li, as claimed.
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